Anti-pluricanonical systems on Fano varieties
Preliminaries II

2.31. Non-klt centres. Yy Two ho]/\~)(]jr
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Lemma 2.33. Assume that 146{(:5 v/ cenlye ¢
e (X, B) is an lc pair, — I Ve

e G C X is a subvariety with normalisation F, ¥ h sthe
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e X s Q-factorial near the generic point of G, and h/oh—lir oo it
o there is a unique non-kit place of (X, B) whose centre is G. \ ¢ o, Ave P “

Then if (Y, By) is a Q-factorial dlt model of (X,B) and S is a component of | By |
mapping onto G, then the induced morphism h: S — F s a contraction. Moreover, the
only non-klt centre of (X, B) containing G is G itself.
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2.34. Pseudo-effective thresholds.

Lemma 2.35. Let P be a log bounded set of log smooth projective pairs (X, B). Then there
is a number A > 0 such that if (X, B) € P and if Kx is not pseudo-effective, then Kx + \B

1 not pseudo-effective.
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2.36. Numerical Kodaira dimension. D SR o \ ]
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Lemma 2.37. Let P be a bounded set of smooth projective varieties X with rs(Kx) = 0.
Then there is a number | € N such that hY(IKx) # 0 for every X € P.
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2.38. Volume of divisors. D P J‘V\SW
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Lemma 2.39. Let X be a Q-factorial normal projective variety of dimension d, D be an

R-divisor with ks (D) > 0, and A be an ample Q-divisor. Then lim,, oo vol(mD + A) =
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Lemma 2.40. Let d € N and let P be a set of pairs (X, A) where X is smooth projective
of dimension < d with ks (Kx) > 0 and A is very ample. Then for each ¢ € N there is
p € N such that for every (X, A) € P we have vol(pKx + A) > q.
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2.41. The restriction exact sequence.
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Lemma 2.42. Assume (X, B) is dlt for some boundary B and that S is Q-Cartier. Let U

be the largest open subset of X on which L s Cartier. If the codimension of the complement
of SNU in S is at least two, then F ~ Og(Llg).



2.43. Descent of nef divisors.
X Z

Lemma 2.44. Let f: X — Z be a contraction from a smooth projective variety to a normal
projective variety with rationally connected general fibres. Assume M is a nef Cartier
dwisor on X such that M ~g 0 on the generic fibre of f. Then there exist resolutions
¢o: W — X and ¢:' V — Z such that the induced map W --+ V is a morphism and
"M ~ 0/ V
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2.45. Pairs with large boundaries.

Lemma 2.46. Let (X, B) be a projective Q-factorial dlt pair of dimension d, and let M
be a nef Cartier divisor. Let a > 2d be a real number. Then any MMP on Kx + B +aM

1s M-trivial, i.e. the extremal rays in the process intersect M trivially. If M is big, then
Kx + B +aM is also big.



2.47. Divisors with log discrepancy close to 0.

Lemma 2.48. Letd € N and ® C [0,1] be a DCC set. Then there is € > 0 depending only
on d and ® such that if (X, B) is a projective pair and D is a prime divisor on birational
models of X satisfying

e (X, B) is lc of dimension d and (X,0) is kit,

o Kx +B~p0 and B € ®, and

e a(D,X,B) <,
then a(D, X, B) = 0.
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2.49. Boundary coefficients close to 1.

Proposition 2.50. Let d,p € N and let ® C [0,1] be a DCC set. Then there is ¢ € R>0.
depending only on d,p, ® satisfying the following. Let (X', B' + M') be a generalised pair
of dimension d with data ¢: X — X' — Z and M such that
e Bec ®U (1 —¢,1] and pM is b-Cartier,
o —(Kx/+ B+ M) is a limit of movable/Z R-divisors,
e there is

0< P ~R _(KX’ +B’+M’)/Z

such that (X', B' + P’ + M') is generalised lc, and
o X' is Q-factorial of Fano type/Z.

Let © be the boundary whose coefficients are the same as B’ except that we replace eachéi
coefficient in (1 — ¢,1) with 1. That is, © = (B)=1"¢ + [(B")>'"¢]. Run an MMP/Z on
—(Kx' +©" + M) and let X" be the resulting model. Then: |

1) (X',© + M') is generalised lc,

2) the MMP does not contract any component of |©'],
3) —(Kx» + 0"+ M") is nef/Z, and

4) (X",0" + M") is generalised lc.
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